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ON THURSTON'S FULLBACK MAP 
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Abstract. Let / : P-"^ — > be a rational map with finite postcritical 
set Pf. Thurston showed that / induces a holomorphic map af : 
Teich(P\Pj) Teich(P\Pj) of the Teichmiiller space to itself. 
The map cry fixes the basepoint corresponding to the identity map 
id : {¥^,Pf) (¥^,Pf). We give examples of such maps / showing 
that the following cases may occur: 

(1) the basepoint is an attracting fixed point, the image of af is 
open and dense in Teich(P^,Pf) and the puUback map a-f : 
Teich(pi,P/) crj(Teich(P\Pj)) is a covering map, 

(2) the basepoint is a superattracting fixed point, the image oi <Tf 
is Tcich(P\Py) and af : Teich(pl , Pj.) -i- Teich(pi,P/) is a 
ramified Galois covering map, or 

(3) the map af is constant. 



1. Introduction 

In this article, E is an oriented 2-sphere. All maps E — > E are assumed to 
be orientation-preserving. The map / : E — > E is a branched covering of 
degree d > 2. A particular case of interest is when E can be equipped with 
an invariant complex structure for /. In that case, / : E — > E is conjugate 
to a rational map F : ^ 

According to the Riemann-Hurwitz formula, the map / has 2d — 2 critical 
points, counting multiplicities. We denote flf the set of critical points and 
Vf = fi^f) the set of critical values of /. The postcritical set of / is the 
set 



n>0 

The map / is poster itically finite if Pf is finite. Following the literature, 
we refer to such maps simply as Thurston maps. 

Two Thurston maps / : E — > E and g : E — ^ E are equivalent if there 
are homeomorphisms /iq : (S,P/) — > (E,Pg) and hi : {T,,Pf) — )- (E,Pg) 
for which ho o f = g o hi and ho is isotopic to hi through homeomor- 
phisms agreeing on Pf. In particular, we have the following commutative 



1 



2 
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diagram: 



hi 




f 



g 




In [DH| . Douady and Hubbard, following Thurston, give a complete charac- 
terization of equivalence classes of rational maps among those of Thurston 
maps. The characterization takes the following form. 

A branched covering / : — > (S],P/) induces a holomorphic self- 
map 



of Teichmiiller space (see Section [5] for the definition). Since it is obtained 
by lifting complex structures under /, we will refer to ct/ as the pullback 
map induced by /. The map / is equivalent to a rational map if and only if 
the pullback map c/ has a fixed point. By a generalization of the Schwarz 
lemma, c/ does not increase Teichmiiller distances. For most maps /, 
the pullback map cr/ is a contraction, and so a fixed point, if it exists, is 
unique. 

In this note, we give examples showing that the contracting behavior of crj 
near this fixed point can be rather varied. 

Theorem 1.1. There exist Thurston maps f for which Uf is contracting, 
has a fixed point r and: 

(1) the derivative ofuf is invertible atr, the image of(Jf is open and 
dense in Teich(P\P/) andcTf : Teich(P"'^, Py) af(Teich{]P^,Pf)^ 
is a covering map, 

(2) the derivative of Uf is not invertible at t , the image of af is equal to 
Teich(P\P/) and af : Teich(pi,P/) Tcich(P\P/:) is a ramified 
Galois covering map^ 



(3) the map Cf is constant. 

In Section [2l we establish notation, define Teichmiiller space and the pull- 
back map af precisely, and develop some preliminary results used in our 
subsequent analysis. In Sections[3l|4l and l5.ll respectively, we give concrete 
examples which together provide the proof of Theorem ll.il We supplement 



A ramified covering is Galois if the group of deck transformations acts transitively 
on the fibers. 



af : Teich(I],P/) ^ Teich(S,P/) 



or 
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these examples with some partial general results. In Section [3j we state 
a fairly general sufficient condition on / under which evenly covers it 
image. This condition, which can sometimes be checked in practice, is 
excerpted from |Klj and jK2) . Our example illustrating (2) is highly sym- 
metric and atypical; we are not aware of any reasonable generalization. 
In Section 15.21 we state three conditions on / equivalent to the condition 
that is constant. Unfortunately, each is extremely difficult to verify in 
concrete examples. 

Acknowledgements. Wc would like to thank Curt McMuUen who pro- 
vided the example showing (3). 



2. Preliminaries 

Recall that a Riemann surface is a connected oriented topological surface 
together with a complex structure: a maximal atlas of charts (j) : U ^ C 
with holomorphic overlap maps. For a given oriented, compact topological 
surface X, we denote the set of aU complex structures on X by C{X). 
It is easily verified that an orientation-preserving branched covering map 
f : X ^ Y induces a map /* : C(V) — > C{X); in particular, for any 
orientation-preserving homeomorphism ip : X ^ X, there is an induced 
map V* : C(X) ^ C{X). 

Let A C X he finite. The Teichmiiller space of {X, A) is 

Teich(X,A) ^C{X)/^a 

where ci ci if and only if c\ = 'ip*{c2) for some orientation-preserving 
homeomorphism ip : X ^ X which is isotopic to the identity relative to A. 
In view of the homotopy-lifting property, if 

• B d Y is finite and contains the critical value set Vf of /, and 

• Acf-\B), 

then /* : C(Y) — > C{X) descends to a well-defined map ct/ between the 
corresponding Teichmiiller spaces: 

C{Y) ^C(X) 

Teich(y, B) Teich(X, A). 

This map is known as the pullback map induced by /. 
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In addition ii f : X Y and g : Y Z arc orientation-preserving 
branched covering maps and ii A C X, B C Y and C C Z are such 
that 

• B contains Vf and C contains Vg, 

• AC f-\B) and B C g-^{C), 

then C contains the critical values of gof and A C [go f)~^ (C) . Thus 

o-go/ : Teich(Z, C) Tcich(X, A) 
can be decomposed as Ugof = cr/ o a^: 

Teich(Z, C) ^ Teich(y, B) ^ Tcich(X, A). 




0"go/ 



For the special case of Teich(P^, A), we may use the Uniformization Theo- 
rem to obtain the following description. Given a finite set A C we may 
regard Teich(P^ , A) as the quotient of the space of all orientation-preserving 
homeomorphisms </) : P^ — ^ by the equivalence relation ^ whereby 
^ 02 if there exists a Mobius transformation /i such that /i o 01 = ^2 on 
A, and (pi is isotopic to 02 relative to A. Note that there is a natural 
basepoint ® given by the class of the identity map on P^ . It is well-known 
that Teich(P^ , A) has a natural topology and complex manifold structure 
(see U)- 

The moduli space is the space of all injections ij] : A modulo postcom- 

position with Mobius transformations. The moduli space will be denoted 
as Mod(P^, A). If (f) represents an element of Tcich(P^, A), the restriction 
[0] I— >■ (1)\a induces a universal covering tt : Teich(P^,A) — )• Mod(P-'^, ^4) 
which is a local biholomorphism with respect to the complex structures on 
Teich(P\ A) and Mod(pi, A). 

Let / : pi ^ pi be a Thurston map with > 3. For any 6 C with 
|0| = 3, there is an obvious identification of Mod(P^,P/) with an open 
subset of (Pi)^/-Q. Assume r e Teich(pi,F/) and let : P^ ^ P^ be a 
homeomorphism representing r with (/)|e — id|e- By the Uniformization 
Theorem, there exist 

• a unique homeomorphism : P^ — > P^ representing r' = (Tfir) 
with ■(/'le = id|e and 

• a unique rational map : P^ ^ P^, 
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such that the following diagram commutes: 




(pi,V(P/)) 



F 




{F\4>{Pf)). 



Conversely, if we have such a commutative diagram with F holomorphic, 
then 



where r € Teich(P-'^, P/) and t' € Teich(P^,P/) are the equivalence classes 
of (j) and ■)/' respectively. In particular, if / : — >■ P^ is rational, then 
CT/ : Tcich(pi,P/) ^ Teich(pi,P/) fixes the basepoint ®. 



In this section, we prove that there are Thurston maps / : S — > S such 
that CT/ 

• is contracting, 

• has a fixed point t e Teich(I], Pf) and 

• is a covering map over its image which is open and dense in Teich(I], Pf). 

In fact, we show that this is the case when E = P^ and / : P^ — > P^ is a 
polynomial whose critical points are all periodic. The following is adapted 
from [K2] . 

Proposition 3.1. // / : P^ ^ P-*^ is a polynomial of degree d > 2 whose 
critical points are all periodic, then 

• a f (Tcich{P^ , Pf)) is open and dense m Teich(P"'^, Pj) and 

• CTf : Tcich(P"'^, Py) — > cry (Teich(P"'^, Pj)) is a covering map. 
In particular, the derivative Daf is invertihle at the fixed point ®. 

This section is devoted to the proof of this proposition. 

Let n = |P/|-3. We will identify Mod(pi, P/) with an open subset of P" as 
follows. First enumerate the finite postcritical points as poi • ■ • iPn+i- Any 
point of Mod(P^, Pf) has a representative -0 : P/ ^ P^ such that 



r 



3. Proof of (1) 



-0(00) = 00 and V'(Po) = 0. 
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Two such representatives are equal up to multiplication by a nonzero com- 
plex number. We identify the point in Mod(P^, Pf) with the point 

[xi : ... : x„+i] e P" where xi = i>ipi) € C, . . . , x„+i = ipiPn+i) e C. 

In this way, the moduli space Mod(P^, Pf) is identified with P" — A, where 
A is the forbidden locus: 



A = {[xi : . . . : Xn+i] e P" ; (3i, x, = 0) or {3i ^ j, 



The universal cover tt : Teich(P^, Pf) ^ Mod(P^, P/) is then identified with 
a universal cover tt : Teich(P^, Pf) P" — A. 



Generalizing a result of Bartholdi and Nekrashcvych |BN| , the thesis |K1) 
showed that when / : P^ — > P^ is a unicritical polynomial there is an 
analytic endomorphism gf : P" — > P" for which the following diagram 
commutes: 



Teich(pi,P/) 



Teich(pi,P/) 



9/ 



We show that the same result holds when / : P^ 
whose critical points are all periodic. 



is a polynomial 



Proposition 3.2. Let / : P^ — >■ he a polynomial of degree d > 2 whose 
critical points are all periodic. Set n ~ \Pf\ — 3. Then, 

(1) there is an analytic endomorphism gf : ^ P" for which the 
following diagram commutes: 



Teich(pi,F/) 



Teich(pi,P/) 



9/ 



(2) af takes its values in Teich(P"'^, Pf) — tt ^{C) with C = gf '^(A), 

(3) 5/(A) C A and 

(4) the critical point locus and the critical value locus of gf are con- 
tained in A. 



Proof of Proposition \3.1\ assuming Proposition \3.2\ Note that £ is a codi- 
mension 1 analytic subset of P", whence 7r~^(£) is a codimension 1 analytic 
subset of Teich(P^, Py). Thus, the complementary open sets arc dense and 
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connected. Since gf : P" — £ P" — A is a covering map, the compos- 
tion 

gf on : Teich(P\ P/) - ir^^iC) ^ P" - A 

is a covering map. Moreover, 

7r(®) = gf o IT o (Jf{®) = gf o 7r(®). 

By universality of the covering map tt : Teich(P^, Pf) — ^ P" — A, there is a 
unique map a : Tcich(P\P/) Teich(P\P/) - tt-'^{C) such that 

• <j{®) = ® and 

• the following diagram commutes: 

Teich(pi, P/) ^ Tcich(pi, F/) - n-^iC) 




P" - A. 



Furthermore, a : Teich(pi,P/) Teich(pi,F/) - ■n^'^iC) is a covering 
map. Finally, by uniqueness we have af = a. □ 

Proof of Proposition \3.2\ 

(1) We first show the existence of the endomorphism : P" — > P". We 
start with the definition oi gf. 

The restriction of / to Pf is a permutation which fixes oo. Denote by 
IX : [0, n + 1] — >■ [0, n + 1] the permutation defined by: 

P^,{k) = fiPk) 
and denote by v the inverse of ^i. 

For k G [0,77- + f], let be the multiplicity of pk as a critical point of / 
(if Pfc is not a critical point of /, then — 0). 

Set ao = and let Q e C[ai, . . . , an+i, z] be the homogeneous polynomial 
of degree d defined by 

l-z / '1+1 \ 

Q(ai,...,a„+i,2;) = / d J]^ (w - afc)™M dw. 

Given a e C"+^, let Pa G ^[z] be the monic polynomial defined by 

Pa(^) = Q(ai, . . . , a„+i, z). 

Note that Pa is the unique monic polynomial of degree d which vanishes 
Oj,(o) 8.nd whose critical points are exactly those points for which 
TOfc > 0, counted with multiplicity m/j. 





■1 
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Let Gf : C"+i C"^^ be the homogeneous map of degree d defined 

by 

(3(ai, . . . , a„+i, aj^(i)) ^ 
Q(ai,... 

We claim that G'ji(o) = {0} and thus, Gf : C"+i ^ C"+i induces an 
endomorphism gf : P" P". Indeed, let us consider a point a G C"^"'^. 
By definition of G/, if Gf{a) = 0, then the monic polynomial Fg^ vanishes 
at ap, ai, . . . , a„+i. The critical points of -Fa are those points ak for which 
ruk > 0. They are all mapped to and thus, has only one critical 
value in C. All the preimages of this critical value must coincide and since 
ao = 0, they all coincide at 0. Thus, for all fee [0, n + 1], = 0. 

Let us now prove that for all t e Teich(pi, Pf), we have 

tt{t) ~ Qf o tt o aflr). 

Let r be a point in Tcich(pi, Pf) and set t' = cry (t). 

We will show that there is a representative </) of r and a representative ip 
of t' such that 4>{oo) = 'ip{oo) = oo, (/)(po) = '0(Po) = and 

(1) G/(7/'(pi), . . . , = (0(pi),...,(^(p„+i)). 

It then follows that 

9f{[iiPi) ■ ■ ■ ■ ■ = : • ■ • : (p{P7i+i)] 

which concludes the proof since 

7r(r') [tp{pi) : ... : i'{pn+i)] and tt{t) = [(f>{pi) : . . . : 0(p„+i)]. 

To show the existence of 4> and 4'^ we may proceed as follows. Let (jj be 
any representative of r such that ^(oo) = oo and 0(po) = 0. Then, there 
is a representative -0 : P^ — >■ P^ of r' and a rational map F : P^ — > P^ such 
that the following diagram commutes: 

pi *.pi 

/ F 
" * 

ml ^ ipi 



We may normalize ip so that 'ip{oo) = oo and ijj{po) ~ 0. Then, F is a 
polynomial of degree d. Multiplying -0 by a nonzero complex number, we 
may assume that F is a monic polynomial. 
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" 1 




\ Xn+1 ) 







V 






\ Vn+l 1 



We now check that these homeomorphisms (p and -0 satisfy the required 
Property ([T]). For A: G [0, n + 1], set 

Xk = and Dk = 

We must show that 

Gf{xi, . . .,Xn+i) = {yi, ■ ■ ■,yn+i)- 

Note that for k E [0,n + 1], we have the fohowing commutative dia- 
gram: 

V- 

f 

Pk I ^ yk- 

Consequently, F{x^^k)) ~ yk- In particular ^(xj.jq)) = 0. In addition, the 
critical points of F are exactly those points Xk for which mk > 0, counted 
with multiplicity m^. As a consequence, F — and 



Gf 



(2) To see that a-f takes its values in Teich(P^,P/) — tt we may 
proceed by contradiction. Assume 

r e Tcich(P\P/) and t' ^ (jf{T) e tt^\C). 

Then, since tt ~ gf o tt o a wc obtain 

7r(r) = gf o tt{t') € A. 

But if T € Teich(P-'^, Pf), then tt{t) cannot be in A, and we have a contra- 
diction. 

(3) To see that 5/ (A) C A, assume 

a=(ai,...,a„+i)GC"+i 

and set ao = 0. Set 

(6o,6i,...,6„+i) = (O, i^a(a,.(i)),---,-P'a(ai.(„+i))). 

Then, 

G/(ai, . . . , ttn+l) = . . ■ , bn+i)- 

Note that 

ttj = aj = . 

In addition [ai : . . . : a„+i] belongs to A precisely when there are integers 
i 7^ j in [0, n + 1] such that a; = a^. As a consequence, 

[ai : ... : a„+i] G A =^ [bi : . . . : 6„+i] G A. 
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This proves that (7/(A) C A. 

(4) To see that the critical point locus of 5/ is contained in A, we must show 
that Jac Gf : C"+^ — >■ C does not vanish outside A. Since gf{A) C A, we 
then automatically obtain that the critical value locus of g / is contained in 
A. 

Note that Jac G/(ai, . . . , a„+i) is a homogeneous polynomial of degree 
{n + 1) ■ (d ~ 1) in the variables oi, . . . , a„+i. Consider the polynomial 
J £ C[ai, . . . , a„+i] defined by 

J(ai,...,a„+i) = Yl {a^ - aj)"''+"'^ with oq = 0. 

Q<i<j<ri+1 

Lemma 3.3. The Jacobian Jac Gf is divisible by J. 



Proof. Set ao = and Go = 0. For j £ + 1], let Gj be the j-th 
coordinate of G/(ai, . . . , a„+i), i.e. 

Gj=d \[{w-akr'^Aw. 

For 0<*<J<"- + 1, note that setting w = ai + t{aj — ai), we have 

n+1 



G 



Gfj.(i) = d 



Yliw-akr'-dw 



k=0 
1 n+1 



flj - ai) - flfc)™*^ • (flj - ai)dt 



with 



=d n("'+^( 

.^0 [.cm ^^11 



fee[0,n + l] 



In particular, G^(j) — G^(i) is divisible by (a^ — ai)™'+™J"*"^. 
For fc g [0, n + 1], let Lk be the row defined as: 

'dGk dGk 



Lk = 



dai dan+i_ 

Note that Lo is the zero row, and for k £ [l,7i + I], Lk is the fc-th row of 
the Jacobian matrix oi Gf. According to the previous computations, the 
entries of L^jj)— ^^^(i) are the partial derivatives of {aj—ai)"^^~^'"^^^'^-Hij. It 
follows that — is divisible by (a^ — ai)™''''™^ . Indeed, L^^^) — 
is either the difference of two rows of the Jacobian matrix oi Gf, or such 
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a row up to sign, when = or fi{j) =0. As a consequence, Jac G/ is 
divisible by J. □ 

Since ^ nij = d — 1, an easy computation shows that the degree of J is 
(n + 1) • (d — 1). Since J and Jac G/ are homogeneous polynomials of the 
same degree and since J divides Jac G / , they are equal up to multiplication 
by a nonzero complex number. This shows that Jac G/ vanishes exactly 
when J vanishes, i.e. on a subset of A. 

This completes the proof of Proposition [3?2l D 



4. Proof of (2) 

In this section we present an example of a Thurston map / such that 
the puUback map ct/ : Teich(P\P/) — ^ Teich(P^,P/) is a ramified Galois 
covering and has a fixed critical point. 

Let / : — > be the rational map defined by: 

= 2^1- 

Note that / has critical points at ilf = {0, where 
UJ = -l/2 + iV3/2 and = -1/2 - i\/3/2 

are cube roots of unity. Notice that 

/(O) = 0, /(I) - 1, f{Lj) = UJ and f{uj) = uj. 

So, Pf = {0,l,w,w} and / is a Thurston map. We illustrate the critical 
dynamics of / with the following ramification portrait: 



2 




2 



Since |P/| =4, the Teichmiiller space Teich(P^, Pf) has complex dimension 
1. 

Set e ^ C Pf. We identify the moduh space Mod(P\P/) with 

P^ — Q. More precisely, ii cj) : Pf ^ represents a point in Mod(P^,P/) 
with (/)|e = id|e, we identify the class of (f> in Mod{F^ , Pf) with the point 
0(0) in Pi - e. The universal covering tt : Teich(pi, P/) Mod(pi, P/) is 
identified with a universal covering tt : Teich(pi,P/) ^ Pi - e and 7r(®) 
is identified with 0. 



12 XAVIER BUFF, ADAM EPSTEIN, SARAH KOCH, AND KEVIN PILGRIM 




Figure 1. The Julia set of the rational map / : z i— ?> 
3z2/(2z3 + 1). The basin of is white. The basin of 1 is 
light grey. The basin of {lo,lj} is dark grey. 

Assume r G Teich(P-'^, P/) and let : P-'^ ^ P-'^ be a homeomorpliism 
representing r with 0|e = id|e- There exists a unique homeomorphism 
■0 : pi P"'^ representing t' = crj(r) and a unique cubic rational map 
^ . pi ^ pi g^(,j^ ^Yiat 

• i/ije = id|e and 

• the following diagram commutes 

pi *.pi 

/ F 

" di ^ 
pi ^pl^ 

We set 

y = 0(0) — 7r(r) and x = ip{0) = 7r(T'). 
The rational map F has the following properties: 
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(PI) 1, uj and uj arc critical points of F, F{1) = 1, F{Ld) ~ oj, F{uj) = cj 
and 

(P2) a; e pi - e is a critical point of F and y ^ F{x) e - 8 is the 
corresponding critical value. 

For a = [a ; fe] e P^, let Fa be the rational map defined by 

az^ + 3bz^ + 2a 
~ 26z3 + 3az + b- 

Note that f ^ Fq. 

We first show that F = Fa for some a E For this pmpose, we may 
write F ^ P/Q with P and Q polynomials of degree < 3. Note that if 
F = P/Q is another rational map of degree 3 satisfying Property (PI), 
then F — F and {F — F)' vanish at 1, ui and ui. Since 

PQ-QP 



F - F 



QQ 



and since PQ — QP has degree < 6, we see that PQ — QP is equal to 
(z^ — 1)^ up to multiplication by a complex number. 

A computation shows that Fq and F^o satisfy Property (PI). We may write 
Fq = Po/Qo and Foo = Poo/Qoo with 

Po(2) = 32^ Qo(z) = 22^ + 1, Poo{z)^z^ + 2 and Qoo(z) = 3z. 

The previous observation shows that PQo — QPq and PQoo — QPoo are 
both scalar multiples of (z'^ — 1)^, and thus, we can find complex numbers 
a and b such that 

a ■ (PQoo - QPoo) + b ■ (PQo - QPo) = 

whence 

P ■ (aQ^ + bQo) = Q ■ {aP^ + bPa). 

This implies that 

P = g = + 1;^° = Fa with «=[a:5]epi. 

We now study how a G P^ depends on t e Teich(P^, P/). The critical 
points of Fa are 1, a;, w and a^. We therefore have 

2 , T. , 2^ "("^ +2) + 2a 
x = a and w = Pa(a^) = ^- . 

In particular, 

a = . 

2xy- 2 
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Consider now the holomorphic maps X : ^ P\ F : ^ and 
A : Teich(pi, P/) defined by 

\ ^ \ "(«' + 2) 

X[a) = a , y[oi) 



and 



2a3 + 1 



X — y 

^{^) ~ 7^ t; with y = ^{t) and x = 7rocrj(r). 



2x1/ - 2 
Observe that 

L., L^}) = ({1, c^, CD}) = e' = {1, 0., cZ;, -1, -0., -CD}. 
Thus, wc have the following commutative diagram, 



Teich(pi,P/) 



■Teich(pi,P/) 



6' 



e 



e. 



In this paragraph, we show that cry has local degree two at the fixed base- 
point. Since / = Fq, we have A{®) = 0. In addition, 7r(®) = 7rocr/(®) = 0. 
Since Y{a) = 2a + ©(a^), the germ Y : (P\ 0) ^ (P\ 0) is locally invert- 
ible at 0. Since tt : Teich(P^,P/) — > Mod(P^,P/) is a universal covering, 
the germ tt : (Teich(pi,P/),®) ^ (Mod(P\P/),®) is also locally invert- 
ible at 0. Since X{a) = , the germ X : (P\ 0) ^ (P\ 0) has degree 2 at 
0. It follows that fTy has degree 2 at ® as required. 

Finally, we prove that Uf is a surjective Galois orbifold covering. First, 
note that the critical value set of F is whence F : P^ — 0' P^ — is 
a covering map. Since tt = Y o A and since tt : Teich(P^, P/) P^ — 8 
is a universal covering map, we see that A : Teich(P^, P/) — > P^ — 0' is a 
covering map (hence a universal covering map) . 

Second, note that X : — 0' — )■ P^ — 8 is a ramified Galois covering of 
degree 2, ramified above and oo with local degree 2. Let M be the orbifold 
whose underlying surface is P^ — 8 and whose weight function takes the 
value 1 everywhere except at and oo where it takes the value 2. Then, 
X : Pi - 8' ^ M is a covering of orbifolds and X o A : Teich(pi, P/) M 
is a universal covering of orbifolds. 

Third, let T be the orbifold whose underlying surface is Teich(P^, Pj) and 
whose weight function takes the value 1 everywhere except at points in 
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TT ^({0,00}) where it takes the value 2. Then tt : T — >■ A/ is a covering of 
orbifolds. We have the fonowing commutative diagram: 



Teich(pi,P/) 




It foUows that (7/ : Teich(P^, P/) — >■ T is a covering of orbifolds (thus a uni- 
versal covering). Equivalently, the map cr/ : Teich(P^,P/) — > Teich(P^, P/) 
is a ramified Galois covering, ramified above points in tt" "i({0,oo}) with 
local degree 2. 

Figure [2] illustrates the behavior of the map a/. 




Figure 2. For f{z) = 3z'^/(2z^ + 1), the puUback map 
(7/ fixes = ®. It sends hexagons to triangles. There is 
a critical point with local degree 2 at the center of each 
hexagon and a corresponding critical value at the center 
of the image triangle. The map X o A sends light grey 
hexagons to the unit disk in P^ — and dark grey hexagons 
to the complement of the unit disk in P^ — 0. The map 
TT sends light grey triangles to the unit disk in P^ — 8 and 
dark grey triangles to the complement of the unit disk in 

pi - e. 
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5. Proof of (3) 

5.1. Examples. Here, we give examples of Thurston maps / such that 

• Pf contams at least 4 points, so Teich(P^,P/) is not reduced to a 
point, and 

• cr/ : Teich(P\P/) Teich(P\P/) is constant. 

The main result, essentially due to McMuUen, is the following. 

Proposition 5.1. Let s : ^ and .g : P^ ^ P^ he rational maps with 
critical value sets Vs and Vg. Let A C P^ he finite. Assume Vg C A and 
Vg U g{A) C s-^{A). Then 

• ,f = g o s is a Thurston map, 

• Vg\J g{Vs) QPf QVg\J g{A) and 

• the dimension of the image of af : Teich{¥^, Pf) — >■ Teich(¥^, Pf) 
is at most \A\ — 3. 

Remark 1. // \A\ = 3 the pullhack map cry is constant. 

Proof. Set B := VgU g{A). The set of critical values of / is the set 

Vf^VgUg{V,)CB. 

By assumption, 

f{B)=gosiB)Cg{A)CB. 
So, the map / is a Thurston map and Vg U g{Vs) Q Pf Q B . 

Note that B C s~^{A) and A C g^^[B). According to the discussion at 
the beginning of Section [21 the rational maps s and g induce puUback maps 

Us ■■ Teich(P^ , A) -> Teich(P^ , B) and ag : Teich(P^ , B) ^ Teich(P^ , A) . 

In addition, 

CTf ~ as O (Tg. 

The dimension of the Teichmiiller space Teich(P^, A) is \ A\ — 3. Thus, the 
rank of Dag, and so that of Daf, at any point in Teich(P^, A) is at most 
\A\ — 3. This completes the proof of the proposition. □ 

Let us now illustrate this proposition with some examples. 

Example 1. We are not aware of any rational map / : P^ — > P^ of degree 2 
or 3 for which \Pf \ > 4 and af : Teich(P\ P/) Teich(P\ P/) is constant. 
We have an example in degree 4; the polynomial f defined hy 

m-2^ (^^-^)'. 
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s{z) = z and g{z) = 2i yz — 

See Figure 5. The critical value set of s is 

Vs = {0,cx)} C A = {0,1, cx)}. 
The critical value set of g is 

Vg = {0,c»} C {0,00,-1,1} = s'\A). 
In addition, (7(0) — —1, g{l) = 1 and g{oo) = 00, so 

g(A)-{-l,l,oo}Cs-i(A). 

According to the previous proposition, f ~ g ° s is a Thurston map and 
since \A\ = 3, the map <t/ : Tcich(P\P/) Tcich(P\P/) is constant. 

Note that Vf — {0,-1, 00} and Pf ~ {0, 1,-1, cx)}. The ramification por- 
trait for f is: 




-1 ^ 1 



Example 2. We also have examples of rational maps / : P"'^ — > for 
which Uj : Teich(P^,P/) — > Teich(P^,P/) is constant and \Pf \ > A is an 
arbitrary integer. Assume n > 2 and consider s : P"'^ — > P"^ and g ^ ¥^ 
the polynomials defined by 

siz) ~ z and giz) = . 

n 

Set A {0, 1, 00}. The critical value set of s is Vs ~ {0, cx} C A. 

The critical points of g are the n-th roots of unity and g fixes those points; 
the critical values of g are the n-th roots of unity. In addition, g{0) ~ 0. 
Thus 

VgUg{Vs) = VgUg{A)^s-\A). 

According to Proposition [Kjl Pf = s^^{A) and the pullback map Uf is 
constant. In particular, \Pf \ =n + 2. 
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Figure 3. The Julia set of the degree 4 polynomial / 



is a dendrite. There is a fixed eritieal 



z^2i {z^ - ^) 
point at oo. Its basin is white. The point z = 1 is a re- 
pelling fixed point. All critical points are in the backward 
orbit of 1. 



For n = 2, f has the following ramification portrait: 




Example 3. Provosition \5 . 1\ can he further exploited to produce examples 
of Thurston maps f where af has a skinny image, which is not just a point. 

For n > 2, let An he the union of {0, c»} and the set of n-th roots of unity. 
Let s„ : — > P"'^ and gn '.V^ ^ 'P^ be the polynomials defined by 

Sn(z) = z and gn\z) ^ . 

n 

The critical points of gn are the n-th roots of unity and gn fixes those points; 
the critical values of gn are the n-th roots of unity. In particular, Vg^ C An. 
In addition, f/n(0) = 0, and so, 

9n{An') = An- 

Assume n > 2 and m > 1 are integers with m dividing n, let's say n — km. 
Note that 

Vs^ C A„i and Vg^ U g„(A„) = An = s^\A,„). 
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Figure 4. The Julia set of the degree 6 polynomial / : 
2 i—> 2^(3 — 2'*)/2. There are superattracting fixed points 
at z = 0, z = 1 and z = oo. All other critical points are 
in the backward orbit of 1. The basin of oo is white. The 
basin of is light grey. The basin of 1 is dark grey. 

It follows that the polynomial f ^ ¥^ defined by 

f := gn o Sk 

is a Thurston map and 

An = Vg,^ U gniV,,) C Pf C Vg„ U g„(^„) = A„ so, Pf = A„. 

In particular, the dimension of the Teichmiiller space Teich{¥^ , Pf) isn—1. 

Claim. The dimension of the image of ct/ : Tcich(P\ P/) Teich(P\ P/) 
is m — 1. Thus, its codimcnsion is (k — l)m. 

Proof. On the one hand, since gn is a polynomial whose critical points are 
all fixed. Proposition O implies that crg„ : Teich(P\ A„) -> Teich(P\^„) 
has open image. Composing with the forgetful projection 

Tcich(P\AO Tcich(P\^„), 
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wc deduce that ag^ : Teich(P-'^, An) Tcich(P^, Am) has open image. 

On the other hand, since Sk ■ — An — > — A,n is a covering map, it 
follows from general principle that (Ts^ : Teich(P^,Am) — >■ Teich(P^, A„) is 
a holomorphic embedding with everywhere injective derivative. □ 

Question 1. If f ^ ¥^ is a Thurston map such that the pullback map 
Of : Teich(P^,P^) — >■ Teich(F"'^, Pj) is constant, then is it necessarily of the 
form described above? In particular, is there a Thurston map / : P^ ^ 
pi with constant af : Teich(P\P/) Teich(P\ P/), such that deg{f) is 
prime ? 



5.2. Characterizing when <t/ is constant. Suppose / is a Thurston 
map with \Pf \ > 4. 

Let S denote the set of free homotopy classes of simple, closed, unoriented 
curves 7 in S — P/ such that each component of S — 7 contains at least two 
points of Pf . Let M[5] denote the free M-module generated by S. Given 
[7] and [7] in S, define the pullback relation on S, denoted by defining 

[7]-;— [7] if and only if there is a component 5 of f^^{j) which, as a curve 

in Y, — Pf, is homotopic to 7. 

The Thurston linear map 

Xf : R[S] R[S] 

is defined by specifying the image of basis elements [7] G 5 as follows: 

A/([7])= E '^•'N- 

[7]^[7.] 

Here, the sum ranges over all [7^] for which [7]^— [71], and 



E 



|deg(<5^7)l' 

/ i(7)D<5~7i 

where the sum ranges over components S of /^^(7) homotopic to 7^. 

Let PMCG(P^, Pf) denote the pure mapping class group of (P^, P/) — that 
is, the quotient of the group of orientation-preserving homeomorphisms 
fixing Pf pointwise by the subgroup of such maps isotopic to the identity 
relative to Pf. Thus, 

Mod(F\P/) = Teich(P\P/)/PMCG(P\P/). 

Elementary covering space theory and homotopy-lifting facts imply that 
there is a finite-index subgroup Hf C PMCG(F^,P/) consisting of those 



ON THURSTON'S FULLBACK MAP 



21 



classes represented by homeomorphisms h lifting under / to a homcomor- 
phism h which fixes Pf pointwise. This yields a homomorphism 

(jjf.Hf^ PMCG(P\P/) 

defined by 

(t)f[[h]) ^[h] with hof^foh. 

Following |BN| we refer to the homomorphism (j)f as the virtual endomor- 
phism o/PMCG(P\P/) associated to /. 

Theorem 5.1. The following are equivalent: 

(1) ^ is empty 

(2) Xf is constant 

(3) (pf is constant 

(4) Uf is constant 

In |BEKPj . there is a mistake in the proof that (2) =4> (3). The assump- 
tion (2) is equivalent to the assumption that every curve, when lifted under 
/, becomes inessential or peripheral. Even if this holds, it need not be the 
case that every Dehn twist lifts under / to a pure mapping class element. 
We give an explicit example after the proof of Theorem 15.11 

Proof. In |BEKP| the logic was: (1) (2) =^ (3) =^ (4), and 

failure of (1) implies failure of (4). 

Here is the revised logic: (1) (2), (3) (4), (3) =^ (2), and 

failure of (4) implies failure of (1). 

(1) ^==^ (2) This follows immediately from the definitions. 

(3) (2) We show failure of (2) implies failure of (3). If A/ is not 

constant, then there exists a simple closed curve 7 which has an essential, 
nonperipheral simple closed curve (5 as a preimage under /. Some power of 
the Dehn twist about 7 lifts under / to a product of nontrivial Dehn twists. 
The hypothesis implies that the lifted map is homotopically nontrivial, so 
4>f \& not constant. 

For the remaining implications, we will make use of the following facts. 

First, rccaU that the deck group PMCG(P\F/) of tt : Teich(P\P/) 
Mod(P^, Pf) acts by pre-composition properly discontinuously and biholo- 
morphically on the space Teich(pi, P/). For h € PMCG(P\P/) and 
T e Teich(P\P/) we denote hy h ■ t the image of r under the action 
of h. Since Hf has finite index in PMCG(P^, P/), the covering map 
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Teich(P\P/)/iJ/ Mod(P\P/) is finite. Furthermore, the definitions 
imply 

af{h-T)^cf,f{h)-af{T)y heHf. 

Second, a bounded holomorphic function on a finite cover o/Mod(P^ , Pf) is 
constant. To see this, recall that Mod(P^, Pf) is isomorphic to the comple- 
ment of a finite set of hyperplanes in C" where n = |P/| — 3. Let L be any 
complex line not contained in the forbidden locus. The intersection of L 
with Mod(P^,P/) is isomorphic to a compact Riemann surface punctured 
at finitely many points. If L is any component of the preimage of L under 
the finite covering, then L is also isomorphic to a compact Riemann surface 
punctured at finitely many points. By Liouiville's theorem, the function is 
constant on L. Since L is arbitrary, the function is locally constant, hence 
constant. 

(3) =^ (4) Suppose (3) holds. Then ct/ : Teich(P\P/) ^ Teich(pi,P/) 
descends to a holomorphic map 

CT/ : Teich(P\ P/)/iJ/ Teich(P\P/). 

A theorem of Bers |IT1 Section 6.1.4] shows that Teich(P^, Pf) is isomorphic 
to a bounded domain of C", so a/ is constant. 

(4) =^ (3) Suppose h G Hf. li af = t is constant, the deck transforma- 
tion defined by 4>f{h) fixes the point r, hence must be the identity. So 0/ 
is constant. 

not (4) =;> not(l) We first prove a Lemma of perhaps independent in- 
terest. 

Lemma 5.2. Let f : (S'^,P) -> (S'^,P) be a Thurston map. Then the 
image of af is either a point, or unbounded in M.p. 

Proof. The definitions imply that n o af descends to a holomorphic map 

p : Tcich{P\ Pf)/Hf ^ Mod(P\ P/) ^ C". 
If the image is bounded, the map p is constant. □ 

Suppose now that af is not constant (ie, failure of (4)). The Lemma 
implies that the image of tt o cry is unbounded; in particular, A4'p := 
7r((T/(Teich(P^, P/))) is not contained in any compact subset of Mod(P^, Pf). 
This means that there exists a point x £ M'p corresponding to a Riemann 
surface X := — Q containing an annulus A of large modulus. Because 
X G A^p, there exists a a rational map 

F : (P\Q) ^ (f\R). 



ON THURSTON'S FULLBACK MAP 



23 



such that the diagram in the definition of Of commutes. Let X' X — 
F~^{R) and y = — i?, so that F : X' ^ Y is a holomorphic covering 
map. Let A' := ^ n X'. Tliere is an embedded subannulus B' C A' of 
large modulus because we removed at most d ■ \Pf\ points from A to get 
A'. Hence in the hyperbolic metric on X', the core curve of B' is very 
short. Call this core curve S. Look at F{S). Since F : X' ^ Y is a, local 
hyperbolic isometry, the length of F{6) is at most d times length of S, so 
F{6) is also very short. Let 7 be the geodesic in the homotopy class of 
F{S). Since 7 is very short, it must be simple. Since S is essential and 
non-peripheral, so is 7. We conclude that j -^f 6, hence / is nonempty. 
□ 

Let f = g o s he the quartic polynomial in Example 1. Let 70 be the 
boundary of a small regular neighborhood D of the segment [0, 1] C C. Let 
ho -.F^ ^ be the right Dchn twist about 70. 

Claim. // hi : ¥^ ^ ¥^ satisfies ho o f = f o hi (i.e. hi is a lift of ho 
under f) then hi ^ PMCG(P\P/). See Figure 5. 




Figure 5. The mapping properties of / = .90s in Example 
1. The points in grey are —1, 0, +1. 



Proof. We argue by contradiction. 

We may assume ho is supported on an annulus Ao surrounding a bounded 
Jordan domain Dq whose boundary is 70, and an unbounded region C/q- 
Easy calculations show that the inverse image of Do under / consists of 
two bounded Jordan domains Df each mapping as a quadratic branched 

cover onto Do and ramified at the points c± :— zk'^J (the positive sign 
corresponding to the root with positive real part), both of which map to 
the origin under /. The domain Df contains two preimages of the point 
1, namely +1 and +"^1 while its twin D^ also contains two preimages of 
the point 1, namely —1 and The points ±1 S Df belong to Pf, so 

if hi e PMCG(P\P/) is a lift of ho, then = 1 and /ii(-l) = -1. 
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Since / : Df — {c±} — > Dq — {0} arc both unramificd coverings, and 
ho : Dq — {0} Dq — {0} is the identity map, we conclude hi : Df — {c±} — >■ 
— {c±} is a deck transformation of this covering fixing a point, hence 
is the identity on Df. 

The preimage of the annulus is a pair of disjoint, non-nested annuli Af 
with an inner boundary component equal to dof. Since / : Af — > Aq 
is quadratic and unramified, and, by the previous paragraph, the restriction 
hi\jy± = id^±, we must have hi 7^ id on the outer boundary components 
of Af; indeed, hi there effects a half- twist. 

The preimage of Uq under / is a single unbounded region C/i, which is 
homeomorphic to the plane minus two disks and three points; it maps 
in a four-to-one fashion, ramified only at the origin. The restriction / : 
Ui — {/~^(0)} — > ?7o — {—1} is an unramified covering map, so hi : Ui — 
{/^^(— 1)} — > C/i — {/^^(— 1)} is a deck transformation of this covering. 
By the previous paragraph, it is distinct from the identity. 

We will obtain a contradiction by proving that hi : Ui — — ^ 
Ui — {f^^{—l)} has a fixed point; this is impossible for deck transformations 
other than the identity. We use the Lefschetz fixed point formula. By 
removing a neighborhood of 00 and of —1, and lifting these neighborhoods, 
we place ourselves in the setting of compact planar surfaces with boundary, 
so that this theorem will apply. Under hi, the boundary component near 
infinity is sent to itself, as are the outer boundaries of Af and the boundary 
component surrounding the origin (since the origin is the uniquely ramified 
point of / over Uq). The remaining pair of boundary components are 
permuted amongst themselves. The action of hi : Ui — {/^^(^l)} ^ 
Ui — {/^^(— 1)} on rational homology has trace equal to either 3 or 5. A 
fixed point thus exists, and the proof is complete. □ 



Remark: There exists a lift hi of ho under /. First, there is a lift h' 
of ho under g, obtained by setting h' = id on the preimage of Uq. This 
extends to a half-twist on the preimage A'q of Aq under g, which then in 
turn extends to a homeomorphism fixing the preimage D'q of Dq under g; 
inside D'q, this homeomorphism interchanges the points l,i which are the 
primages of 1. It is then straightforward to show that h' lifts under s by 
setting hi = id on C/i and extending similarly over the annuli Af and the 
domains Df. 



ON THURSTON'S FULLBACK MAP 



25 



References 

[BN] L. Bartholdi & V. Nekhashevych, Thurston equivalence of topological polyno- 
mials, Acta. Math. 197: (2006) 1-51. 

[BEKP] X. Buff, A. Epstein, S. Koch, and K. Pilgrim, On Thurston's pullback 
map, in Dierk Schleicher, ed.. Complex Dynamics: Family and Friends, 561-583. 
Wellesley, MA: AK Peters Ltd., 2009. 

[DH] A. DOUADY & ,].H. Hubbard, A proof of Thurston's characterization of rational 
functions. Acta Math. 171(2): (1993) 263-297. 

[H] J. H. Hubbard, Teichmiiller Theory and applications to geometry, topology, and 
dynamics, volume 1: Teichmiiller theory. Matrix Editions, 2006. 

[IT] Y. Imayoshi, M. Taniguchi, An introduction to Teichmiiller spaces. New York: 
Springer, 1992. 

[Kl] S. Koch, Teichmiiller theory and endomorphisms o/P", PhD thesis, Universitc de 

Provence (2007). 
[K2] S. Koch, PhD thesis, Cornell University, in preparation. 



